Tver state university 170002, Sadovyj per. 35, Tver, Russia This paper is devoted to the analysis of a class of F (R) gravity, where additional logarithmic corrections are assumed. The gravitational action includes an exponential term and a R 2 inflationary term, both with logarithmic corrections. This model can unify an early time inflationary era and also the late time acceleration of the universe expansion. This model is deeply analysed, confronting with recent observational data coming from Union 2.1 observations of Type Ia supernovae, the latest measurements of the Hubble parameter H(z), manifestations of Baryon Acoustic Oscillations and Cosmic Microwave Background radiation. The viability of the model is studied and the corresponding constraints on the free parameters are obtained, leading to an statistical analysis in comparison to ΛCDM model. The inflationary era is also analysed within this model and its compatibility with the latest observational data for the spectral index of primordial curvature perturbations and the scalar-to-tensor ratio.
to f (R) gravities leading to some particular gravitational actions that accomplish a number of viability conditions [7] and produce the desirable late-time acceleration of the universe expansion, generally mimicking a cosmological constant at late-times [8] but also with additional terms that may include the inflationary epoch [9] . These models have drawn a lot of attention, specially due to the strong increase of data, both describing the early stages of the universe as late time epochs, such that any desirable cosmological scenario, and its corresponding f (R) action in this case, should satisfy observational limitations for both early and late-time acceleration eras, as well as theoretical constraints [10] .
One of these types of f (R) models is the so-called exponential gravity, which includes an exponential function of the Ricci scalar in the action of the forme −R/R * , such that by the appropriate choice for the constant R * , the scale on which that the exponential plays a role can be easily managed [11] . This is important along the cosmological history, since the universe goes through different stages, each one characterised by a different value of the Ricci scalar. Since the exponential acts basically as an step function, with a fast transition at R ∼ R * , the term acts as an effective cosmological elsewhere, what can be used to mimic ΛCDM model, as suggested in the literature [11, 12] , satisfying the observational constraints [13, 14] . In addition, the model may be implemented in such a way that includes vacuum solutions as Minkowski or Schwarzschild as solutions, in comparison to the presence of a cosmological constant. Moreover, by the appropriate scale, an effective inflationary phase can be included, leading to a gravitational action that may be capable of reproducing the whole cosmological evolution [12] . Actually, such exponential may be used to find possible corrections and tests to R 2 inflation and to suppress the effects of inflationary terms at later times [14] . Such type of models has been well tested and compared to other models, leading to very promising results for describing the whole cosmological history.
In this paper we consider a particular exponential gravity, where some extra terms are included in the action in order to test the reliability of exponential models as well as the ΛCDM model. Here, the extra terms in the action have the form of logarithmic functions of the Ricci scalar, since the correction evolutes very smoothly in comparison to the original model and may provide the correct predictions during inflation, as shown in Ref. [15] [16] [17] [18] [19] [20] . Such type of logarithmic corrections are induced by quantum gravity effects, such that its analysis becomes essential to understand well their behaviour [16, 17, 21] . Here a complete gravitational Lagrangian is provided, composed by some exponential terms responsible of the dark energy epoch and corrected by an extra logarithmic, while an R 2 term drives the inflationary epoch but modelled by another logarithmic of the Ricci scalar. Then, we study in detail how this type of models describes the recent observational data, in particular, we use Union 2.1 observations of supernovae Type Ia (SNe Ia), estimations of the Hubble parameter H(z), data from baryon acoustic oscillations (BAO) and from cosmic microwave background radiation (CMB). We calculate the best fit for the free parameters of the model and compare this model with its analog exponential without logarithmic corrections and with the standard ΛCDM model [14] . Finally, we also consider in detail the inflationary epoch, its observable manifestations and the viability of the full Lagrangian during the whole cosmological evolution of the Universe.
The paper is organised as follows: In section II, we briefly review f (R) gravity, its corresponding equations and the Lagrangian on which the paper is based. Section III is devoted to the analysis of the model along the cosmological evolution after inflation. In IV, we describe the observational data for SNe Ia, H(z), BAO and CMB that is used. While in section V, we obtain the constraints on the free parameters of the model and compare to other models. Section VIis focused on the inflationary era for model. Finally, section VII summarises the results of the paper.
II. F (R) GRAVITY
Let us start by introducing the basics of F (R) gravity. The general action for F (R) theories is given by:
The field equations are obtained by varying the action with respect to the metric field,
Here F R ≡ F ′ (R) and F RR ≡ F ′′ (R). We are interested in the analysis of a particular type of F (R) Lagrangian, which is known to describe both the inflationary epoch as the late-time acceleration [19] :
where κ 2 = 8πG, S m is the matter Lagrangian, Λ is a cosmological constant and the function γ(R) accomplishes for deviations with respect to Starobinsky inflation [5] , being defined as:
The model parameters b, c, γ 0 , γ 1 , R 0 are positive constants, where R 0 is the curvature of the Universe at the end of inflation. The second term in (2.2) is assumed to become important at late times, which differs from usual exponential gravity by the logarithmic term that provides stability to the solutions, as shown in [19] . On the other hand, the term γ(R)R 2 plays an important role during the inflationary epoch, when R ≥ R 0 , and is inspired by one-loop corrections in higher-derivative quantum gravity [18, 21] . In addition, such term may provide a graceful exit from inflation, as shown in [18, 19] .
Here, we are focusing on the cosmological analysis of the action (2.2) and how good the model is for reproducing dark energy and inflation. Hence, we assume a spatially-flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric
where a(t) is the scale factor, such that H =ȧ/a is the Hubble parameter and the Ricci scalar reads R = 6(2H 2 +Ḣ), where the dot denotes derivatives with respect to the cosmic time. From the field equations (2.1), the modified FLRW equations are obtained:
Here we have assumed a perfect fluid for the energy-momentum tensor: 6) where u µ u µ = −1. Equations (2.5) may be expressed in a more convenient way as [14] 9) where N = log a = − log(1 + z) is the number of e-folds, with a(t 0 ) = 1 fixed at the present time t 0 . Eq. (2.9) is the consequence of the energy conservation equation ∇ µ T µν = 0. Solution of the system (2.7) -(2.9) provides the cosmological evolution for a particular F (R) model and a particular equation of state p = p(ρ). In the next sections, we analyse the model (2.2), which can be split into two parts that do not overlap along the cosmological history, the dominant during the dark energy epoch and the corresponding one at inflation.
III. LATE-TIME ACCELERATION
In this section we study the behaviour of the above model at late times, when the Ricci scalar R is much smaller than the value at the end of inflation R 0 . In addition, we can consider the inflationary term γ(R)R 2 negligible at late times, when R ∼ 4Λ << R 0 as far as:
where R 0 ∼ 10 85 Λ as calculated in Ref. [19] . In order to test the goodness of the model, we shall use different datasets that include different phases of the cosmological evolution, as shown below in Sect. IV. In particular, data from Supernovae Ia [22] , Baryon Acoustic Oscillations (BAO) [23] , estimations of the Hubble parameter H(z) corresponding to z ≤ 2.36 [24] and parameters of the Cosmic Microwave Background (CMB) from Planck collaboration [25] . The latter refers to the photon-decoupling epoch at z ≃ 1100. Hence, at late times z < 10 5 we can neglect the inflationary term γ(R)R 2 and the F (R) function (2.2) leads to:
Here we have redefined the parameters to make them dimensionless as follows
In the limit α = 0 the model (3.2) becomes the usual exponential F (R) model [11, 12, 14] with no logarithmic corrections, while for α = 0 together with β → +∞, the model turns out to the standard ΛCDM Lagrangian R − 2Λ. Note also that the function (3.2) recovers the ΛCDM model for α = 0 and R → +∞. However, for α = 0 the Lagrangian (3.2) does not recover ΛCDM model at high redshifts but the logarithmic correction remains:
In addition, any F (R) model has to satisfy some particular conditions to be considered as a serious and successful alternative to GR. Hence, in order to keep a positive effective gravitational constant and to avoid the merge of fifth forces, the following condition should hold at high curvature regimes: 5) which should be satisfied during the post-inflationary era (4Λ ≤ R < R 0 ), particularly along the radiation, matter dominated eras and late-time acceleration. Therefore, the cosmological constant in (3.2) behaves as an attractor at late times, similarly to ΛCDM model, as far as the exponential e −βR remains negligible. As we are focusing on the post-inflationary period, a pressureless (non-relativistic) fluid and radiation (relativistic particles) should be included in the energy-momentum tensor, such that the continuity equation (2.9) can be solved, leading to:
where ρ 0 m and ρ 0 r are the energy densities for dust and radiation at the present time, respectively. In order to reduce the number of free parameters, we can fix the radiation-matter ratio as provided by Planck [25] :
We shall use dimensionless parameters for the energy densities, which can be expressed in terms of the ΛCDM model as follows:
Note that we use ΛCDM model as a reference under the assumption that our model will mimic ΛCDM model far away from the inflationary period. In this sense, the solution of the FLRW equations for the ΛCDM model reads
Here X r ≡ X ΛCDM r is the radiation-matter ratio (3.7). In addition, we can redefine the Hubble parameter to have a dimensionless function as follows: [14] 
Hence, the dynamical variables E(a), R(a) determine the evolution for the action (3.2). The corresponding dynamical equations are obtained by assuming the Lagrangian (3.2) and the density (3.6) in the equations (2.7) and (2.8), leading to:
Λ , and recall that the variable N = log a refers to the number of e-folds. This system can be solved numerically by setting the appropriate initial conditions. For the model (3.2) with α = 0 and assuming βR ≫ 1, the equation (3.12) in the limit e −βR ≪ 1 takes the form
This expression accounts for the deviation of our model with respect to the ΛCDM model when R becomes large enough (R → ∞ or a → 0). Nevertheless, the early-time inflation will be considered below in Sect. VI. Regular behaviour in Eq. (3.13) at high curvature R provides a way for setting us possibility the corresponding initial conditions at an arbitrary initial point
Then, by assuming a particular starting point, the system of equations (3.11), (3.12) can be integrated and the corresponding free parameters compared to data. As we start integrating far enough from the present time and close to the CMB (a ini is less than 10 −3 , corresponding to the CMB observations), the epoch is the radiation dominated epoch, such that the solutions are assumed to behave as:
where A and B are two positive constants to be determined by the equations. Then, by substituting these expressions and their derivatives into Eqs. (3.11) and (3.13) and assuming N = N ini , the following identities are obtained:
which provides the asymptotical amplitudes A and B, and consequently the initial conditions E ini , R ini for the system (3.11), (3.12 ). An example is depicted in Fig. 1 , where the evolution for E(a) and R(a) is shown for the F (R) model ( Table. I (for SNe Ia, BAO and H(z) data). As shown, the model (3.2) mimics quite well ΛCDM model for the period 10 −5 < a < 0.54. Note also that the model parameters (3.8) H * 0 and Ω * m do not coincide in general with the real values of the
, hold in general for any F (R) models [14] , since an F (R) model may recover ΛCDM at large redshifts, but its corresponding late-time evolution deviates from ΛCDM, such that the above quantities as measured today t = t 0 would differ from the ΛCDM values. Nevertheless, both set of parameters are connected via the relation of the physical matter density
As will be shown below, this remark is important when performing the fitting analysis for the observable parameters in Sect. IV. In addition, the sum of the parameters Ω * m and Ω * Λ may not be equal to 1 for the F (R) model (3.2), as the Ω * Λ enters in the equations in a completely different way, unlike for flat ΛCDM model, where Ω 0 m + Ω Λ = 1 is satisfied. This fact was discussed and analyzed in Ref. [14] . In the next section, we use the above procedure for integrating the system of equations (3.11), (3.12) and apply to the fits with the data.
IV. DATA ANALYSIS
Let us now test the F (R) model (2.2) and compare its observational manifestations to recent data from Type Ia supernovae (SNe Ia) [22] , baryon acoustic oscillations (BAO) [23] , estimations of the Hubble parameter H(z) [24] and parameters from the cosmic microwave background radiation (CMB) [25] . All these observations are connected to redshifts z ≤ 1100, such that we work with the expression (3.2), which describes well the model (2.2) after inflation. We also fix the radiation-matter ratio X r = ρ 0 r /ρ 0 m given in (3.7) (see [25] ), so there are 5 free parameters for our model (3.2):
(4.1)
Recall that in the limit α = 0 (without logarithmic corrections) this model transforms into the standard exponential F (R) case [11] with 4 free parameters, and the ΛCDM scenario is recovered for α = 0, β → +∞. In order to fit the model to the observations, here we use the technique of the maximum likelihood.
A. Supernovae Ia data
Here we use the SNe Ia catalogue from Union 2.1, which include n SN = 580 data points [22] 
For our model with different values of the free parameters (4.1) we calculate E(z), H(z) = H * 0 E(z), the functions (4.2) and the corresponding χ 2 function, which yields
where C SN is the 580 × 580 covariance matrix. Here we marginalize over H * 0 , which is usually considered as a nuisance parameter for SNe Ia data [14, [26] [27] [28] . A similar marginalization is performed for other sources of data.
B. BAO data
Observational data, connected to baryon acoustic oscillations (BAO), include measurements of two magnitudes [23] :
where the distances
. The values (4.4) were estimated for definite redshift ranges of galaxy clusters with mean redshifts z = z i from a peak in the correlation function of the galaxy distribution at the comoving sound horizon scale r s (z d 
The best fit (r d · h) f id = 104.57 ± 1.44 Mpc was obtained in Ref. [26] 
where ∆d and ∆A are line elements
The covariance matrices C d and C A for correlated BAO data [29] are described in detail in Ref. [26] .
C. H(z) data
We also include in our analysis estimations of the Hubble parameter H(z) measured by the method of cosmic chronometers, i.e., differential ages ∆t of galaxies at certain redshifts z [24] . This method uses the relation
Here we use n H = 31 values for H(z) estimated with the mentioned method, including 30 data points from Refs. [24] and Ref. [31] . For these data points we calculate the corresponding χ 2 function
The Hubble constant is marginalized in the expression for the χ 2 , as shown in [14, 28] . We do not include H(z) estimations from line-of-sight BAO dat [29] to avoid correlation with the BAO data points taken into account in χ 2 BAO (4.6).
D. CMB data
Here we use the CMB parameters at the photon-decoupling epoch z * = 1089.90 ± 0.30 [25] in the following form [32, 33] :
where the transverse comoving distance D M and the comoving sound horizon r s at z * are
The corresponding distances are given by [33] R P l = 1.7448 ± 0.0054, ℓ from Planck collaboration data [25] with free amplitude of the lensing power spectrum. Here Ω 0 b is the current baryon density and the sound horizon r s (z * ) is calculated by using Eq. (4.9) and the correction ∆r s = drs dz ∆z. The χ 2 function for the data (4.8-4.10)
includes marginalizing over the nuisance parameters ω b = Ω 0 b h 2 and H * 0 . Note that the minimum over H * 0 is calculated simultaneously for both H(z) (4.7) and CMB (4.11) data. The results for the F (R) model (3.2) are provided in the next section.
V. RESULTS
Here we use the above SNe Ia, H(z), BAO and CMB data to constrain the parameters for the model (2.2). The most strict limitations are produced by the CMB data (4.11), so we analyse separately the χ 2 function as follows: to the total χ 2 including CMB data: 
The blue dots for χ 2 Σ3 and the red stars for χ 2 tot denote the best fits of the corresponding two-dimensional distributions, which are summarised in Table I . The 1σ errors of these parameters in Table I are calculated via one-parameter distributions χ 2 (p j ) for the corresponding χ 2 functions and likelihoods L(p j ). In particular, for χ 2 tot these functions are tot . The latter is in better agreement with the limitation (3.5) which recall that has to be satisfied during the post-inflationary era (2 ≤ R < R 0 /(2Λ)). The best fit for α is small for χ 2 tot , so the corresponding red contours and lines are shifted to the margins in the left panels of Fig. 2 . Due to this reason, we use the variable lg α ≡ log 10 α instead of α in other panels. In particular, in the top-center and right panels, the contour plots depict the two-dimensional distributions χ ) . Naturally, the presence of the logarithmic correction with an additional parameter α helps to diminish the absolute minima for the χ 2 functions, such that the logarithmic corrections in Eq, (3.2) provides a better fit than in its absence (α=0).
These absolute minimum for χ 2 Σ3 and χ 2 tot are written in the right column of Table I . Here the degrees of freedom (d.o.f.) are the total number of data points minus the number of independent model parameters. In Fig. 3 one can see the contour plots for χ 2 values of this model are connected with the contribution of 9 BAO data points from Ref. [30] . 
VI. INFLATIONARY ERA
The γ(R)R 2 term with the logarithmic correction can explain well the early-time inflation, when R ≥ R 0 ∼ 10 85 Λ [19] . This inflationary era was investigated in Ref. [19] in the constant-roll inflation description and a viable inflationary scenario was obtained. Here we pretend to show that model (2.2) reproduces slow-roll inflation and provides the correct values for the spectral index and the tensor-to-scalar ratio. As pointed our above, during the inflationary epoch βR ≫ 1 holds and the Lagrangian (2.2) takes the form: dominating γ(R)R 2 term:
An unstable de Sitter point R = R dS , corresponding to inflation, arises naturally under the condition [12] G(R dS ) = 0 (6.2) where G(R) = 2F (R) − RF R . For the action (6.1), this condition yields:
During the inflationary era we can neglect the term 4Λ/R ≃ 10 −85 and solve approximately this equation for α ≪ 1, in agreement with the limitation (3.5)) and the contraints obtained in the previous section:
As shown, the contribution of the logarithmic term in front of the factor α is not completely negligible. Let us describe the slow-roll inflation for the above model. The F (R) action can be expressed in terms of a scalar field φ [14] 5) where the scalar field and its potential are related to the F (R) function through the relations:
The action (6.5) can be transformed into the Einstein frame via the conformal transformatioñ g µν = φg µν , which transforms the action to the Einstein frame, leading to:
Here, we have redefined the scalar field and the potential as:
The scalar field mimics an effective cosmological constant during slow-roll inflation, what is equivalent to the conditions Hφ ≫φ andṼ ≫φ 2 , which can be expressed in terms of the slow-roll parameters
While the number of e-folds can be expressed as:
By the relations (6.8), the slow-roll parameters can be expressed in terms of the the Ricci scalar R for the Lagrangian (6.1):
Here we have assumed the limit Λ/R ≃ 10 −85 . During the inflationary period the slow-roll parameters (6.9) should satisfy the limitations ǫ ≪ 1 and η < 1, while ǫ 1 at the end of inflation. The slow-roll parameters ǫ and η are related to the spectral index n s of the scalar perturbations originated during inflation and the tensor-to-scalar ratio r as follows:
The last data from Planck and Bicep2 collaborations [4] constrains the values of the spectral index and the tensorto-scalar ratio as follows, n s = 0.968 ± 0.006 , r < 0.07 . (6.14)
From the relations (6.6), the scalar field and its potential can be written in terms of the Ricci scalar as follows:
These relations are not analytically invertible, such that we can not obtain an analytical form for the scalar potential (6.8) and consequently for the spectral index and the tensor-to-scalar ratio in terms of the number of e-folds (6.10), but numerical resources are required, as shown below. Nevertheless, a first qualitative analysis of the model (6.1) can be carried out by assuming R ∼ R 0 at the end of inflation and α ≪ 1, such that the relations (6.15) can be approximated as follows:
Then, the potential in the Einstein frame (6.8) yields approximately:
This is the potential for the R 2 Starobinsky model, such that the appropriate predictions can be achieved.
However, here we make a full numerical analysis to obtain reliable information about the viability of our model. In order to compare the constraints and predictions of our model, we fix the parameter R 0 = 10 85 Λ as estimated in Ref. [19] . Note that the predictions weakly depend on a choice of R 0 because of logarithms (and the small factor α in some cases). Thus, we can assume two free parameters for the model during the inflationary era: γ 0 and γ 1 . It is convenient to introduce (in addition to γ 1 ) the dimensionless parameter
We use the equation (6.4) or (6.3) in order to determine the de Sitter value R = R dS , (or R dS /R 0 ). From the equations (6.11), (6.12), (6.12), we calculate the slow-roll parameters, the spectral index and the scalar-to-tensor ratio. The ratio r satisfies the limitations (6.14) for reasonable values of parameters while the distributions of the spectral index n s in the Γ 0 − γ 1 plane are shown in depends on γ 1 . However, the model satisfies the Planck restrictions (6.14) in the range 0.022 < γ 1 < 0.032, Γ 0 > 0.5 and small α. Here we have also required an adequate number of e-foldings N ≃ 55 − 65 during the inflationary era.
VII. CONCLUSIONS
Along the present manuscript, we have focused on a deep analysis of a particular F (R) model. As pointed out in the vast literature about this class of modified gravities, F (R) gravity can reproduce well an accelerating expansion, leading to a possible solution to the dark energy problem as well as to a consistent description of the inflationary paradigm. However, this type of extensions of GR carry an additional scalar mode that may affect the well known predictions of GR at local scales and lead to possible ghost modes. Nevertheless, here we have focused on a particular type of F (R) gravities, the so-called exponential gravity, that is able to satisfy the basic conditions for its viability [7] . Then, we have considered a logarithmic correction in order to provide a test for this type of F (R) theory and check how a deviation is allowed, also in comparison to the ΛCDM model. As shown in this manuscript, the aim for considering such a class of logarithmic corrections lies on the fact that the new theory still satisfies the viability conditions (under some conditions of the free parameter) and provides an extra term in the action that evolutes smoothly along the cosmological evolution (far from the pole obviously). Then, by using several datasets covering redshifts from the CMB till z = 0, we have obtained the corresponding constraints and best fits for the parameters. As shown in Figs. 1 and 2 , CMB data provides a much stronger constraint on the free parameters. In addition, the presence of the logarithmic correction, modelled by the free parameter α, leads to a better fit than in absence of the logarithmic correction and also better than the ΛCDM model, obviously at the price of introducing an additional degree of freedom. Moreover, the parameter β leads to the same natural result as when testing exponential gravity without any corrections [14] , i.e. the absence of an upper bound, as ΛCDM is recovered for β → ∞. Finally, another remarkable result corresponds to the strong constraints obtained on the energy densities in comparison to ΛCDM model, what provides a better way to test this type of theories.
In addition, R 2 inflation has also been studied at the end of the paper, where a logarithmic correction is also considered. Such type of analysis provides a way for testing deviations from R 2 inflation, which is considered nowadays as one of the best models that satisfies the constraints on the growth of scalar and tensor perturbations during inflation, such that any correction to R 2 model may provide information about how far one can go away, specially for the incoming data in the future [34] . Hence, we have analysed the inclusion of a logarithmic correction, which essentially recovers the R 2 predictions for the appropriate limits. A full numerical analysis is also performed, where the possible deviations, managed by the parameter γ 1 , are allowed but kept small, as shown in Fig. 4 . However, the theoretical constraints obtained on the parameters are in agreement to the constraints from Planck data, keeping the inflationary part of the model as a reliable one.
Hence, after this deep analysis, logarithmic corrections are established as potential viable terms in this F (R) model, reproducing both the dark energy epoch as the inflationary phase.
